Abstract-The focus of this paper is on the solution of Maxwell's equations for time-harmonic fields on triangular, possibly nonorthogonal meshes. The method is based on the well-known Finite Integration Technique (FIT) [33, 35] which is a proven consistent discretization method for the computation of electromagnetic fields. FIT on triangular grids was first introduced in [29, 31] for eigenvalue problems arising in the design of accelerator components and dielectric loaded waveguides. For many technical applications the 2D simulation on a triangular grid combines the advantages of FIT, as e.g. the consistency of the method or the numerical advantage of banded system matrices, with the geometrical flexibility of non-coordinate grids. The FIT-discretization on non-orthogonal 2D grids has close relations [26] to the Nédélec elements [14, 15] or edge elements in the Finite Element Method.
INTRODUCTION
The most important class of methods for numerical field calculation deals with local difference equations obtained after suitable discretization. Well-known examples are the Finite Difference Method (FD) and the Finite Element Method (FEM). The Finite Integration Technique [33, 35, 36] , shortly FIT, presents a discretization consistent with Maxwell's equations, i.e., the resulting discrete solutions reflect the analytical properties of the continuous solutions. The Finite Integration Technique can best be described as a Finite Volume method. It has been developed specifically for the solution of Maxwell's equations. The goal of this development was the ability to solve numerically the complete system of Maxwell's equations in full generality. Regard Maxwell's equations which can either be written in integral form or in differential form
where A is any given surface and V any given volume. The Finite Integration Technique yields an exact representation of Maxwell's equations in integral form onto a grid duplet (G,G). The FIT grid duplet (G,G) is not coordinate-bounded, not necessarily orthogonal, not necessarily regular. Yee's FDTD-method [40] (1966) with the "Leap Frog"-scheme is a predecessor of FIT in Finite Difference Time Domain (FDTD stands for Finite Difference Time Domain). The feature of Yee's method is that it evaluates Maxwell's equations for both electromagnetic fields (not just the electric field) and that the electric and magnetic field components were allocated on two staggered grids. In 1977, Weiland [33] generalized the FDTD-method to a general numerical method for all electrodynamics. In fact, FIT is not restricted to electrodynamics only but is also a suitable numerical method for other subjects. For example, FIT was recently applied in acoustics [39] , elastodynamics [12, 2] and temperature problems [17, 16] and for coupled problems [28, 1] .
The Finite Integration Technique makes only some usual idealizations concerning the materials: The materials of the given objects have to be piecewise linear, homogeneous, and isotropic so that the subdomains with constant material parameters (ε, µ, κ) are at least as big as the elementary volumes used.
The discretization of Maxwell's equations, i.e., the field computation in a finite number of discrete points, gives a decomposition of the solution space into grid cells. The first step towards that goal is to define a finite volume Ω, the calculation domain. Now, cover Ω with a grid G. As an example, we can consider a simple Cartesian coordinate grid. It has to be stressed at this point, however, that a FIT grid G is defined in much more generality and that its definition also includes non-coordinate grids as well as non-orthogonal grids (cf. section 2 and [31, 27] or e.g. [9, 10, 23, 20, 21] ). For the simple Cartesian coordinate grid, we will explain very briefly the derivation of the Maxwell Grid Equations. Further details can be found e.g. in [37, 6, 27] .
An elementary volume V i (FIT cell) for the simplest case is shown in Fig. 1 . Next, state variables [34] are introduced on the grid G: a discrete form of the induction law can be deduced:
The (3N × 3N )-matrix C, which is denoted as discrete curl operator, reflects the topology of the grid. Actually, for a Cartesian grid with lexicographic numbering the matrix C is a block matrix with blocks ±P x , ±P y , ±P z and 0:
, where x, y, z are the three coordinate directions. The blocks P x , P y , P z each have −1's on their main diagonal and 1's on some sub-or (super-)diagonal the distance of which to the main diagonal agrees with the chosen numbering. On dual-orthogonal Cartesian FIT grids (G ⊥G, cf. Def. 1) we have:
For cylindrical symmetric structures the curl operator for a triangular 2D grid will be given in section 2, that one for a cylindrical 3D grid can be found in [9] . Using the vector b again and introducing a matrix S of size N ×3N with elements {−1, 1} corresponding to the topology of the grid: It remains to transfer the second and third Maxwell's equations. This will be completely analogous to the transfer of the first and fourth Maxwell's equations. For that, the so-called dual gridG is introduced. For a Cartesian grid, it equals the grid G shifted by half a cell length. Again, the definition of the dual FIT grid is much more general than what example may suggest (cf. sect. 2 or e.g. [21] ). To summarize the above, let us formally define the Maxwell Grid Equations. It should be emphasized that no approximations have been made so far. Only when the material equations are transferred to the grid space, FIT will require some approximations.
Definition 3. The dual FIT gridG can be formally described as
Because of its consistency and generality this system is denoted as Maxwell-Grid-Equations. The operators C,C, S andS can be interpreted as discrete curl operators C,C, discrete divergence S,S and discrete gradient operators −S T , −S T . The characteristics of the Finite Integration Technique are not given here. They can be found in [38, 11, 5] or [27] .
Until now, no approximations have been used at all. They will be necessary after the transfer of the material equations to the grid space. The state variables d i and e i (respectively b i and h i ) are each allocated at the same points. There is an analogue of the material equations relating them to each other. In order to find that analogue of the material equations, the grid flux is divided by the grid voltage. The ratios d i /e i and b i /h i (j i /e i , respectively) then will be approximated by averaging the corresponding material parameters. The averaged quantities are then combined in the so-called material matrices D ε ,D µ and D κ . A detailed description of this approximation can be found in [9, 6, 37] . We follow the formulation in [9] : 
Thus, the construction ofD µ,i is based on lengthwise averaging. Its error is linear with respect to the energy norm if A i represents a border of different permeabilities, otherwise it is quadratic. The construction of D ε,i is based on areawise averaging. Its error is linear with respect to the energy norm if L i borders different permittivities or permeabilities, otherwise it is quadratic.
Defining the conductivity operator D κ in analogy, thus the following transfer of the electromagnetic material equations to the grid space results with diagonal material operators
Finally, boundary equations at ∂G are needed. Dirichlet and Neumann boundary conditions can be implemented in a FIT-scheme in a very natural way, others like open (absorbing), periodic or waveguide boundary conditions have also been realized (see e.g. [37, 9, 5] ). Non-coordinate and non-orthogonal meshes offer an enhanced flexibility with regard to the spatial discretization of the field equations. Here, with a "coordinate mesh" a mesh is meant where the grid planes are coordinate planes in one of the usual coordinate systems as e.g. the Cartesian or cylindrical coordinate system. The triangular grids which are subject of this paper are an example for a "non-coordinate mesh". In the eighties when mainframes were the computers at hand allowing only for very limited storage space and computing time for a single simulation the advantage of a non-coordinate, even non-orthogonal grid was of great importance because it allowed for a good approximation of shapes which posed problems for coordinate grids as e.g. a Cartesian grid. This was the main motivation to develop an automatic mesh generator for a triangular FIT grid with hexagonal dual grid. This mesh generator is the kernel of the resonator and waveguide program URMEL-T [31] while its predecessor URMEL [33] used Cartesian grids.
FIT-DISCRETIZATION ON A TRIANGULAR GRID
In the previous section the Maxwell-Grid-Equations (1) were generally defined. Now the characteristics of a triangular FIT grid will be shown and some discrete quantities as the state variables, operators, etc., will be given. As in the usual Finite Difference Methods, FIT solves Maxwell's equations on a domain Ω which holds the actual solution domain Ω s as a sub-domain: Ω = Ω s ∪ Ω o . The domain Ω s may again be composed of several sub-domains, holding e.g. different material. Discretization on Ω rather than on Ω s has the advantage of allowing for higher topological regularity. With adequate numbering scheme this, in consequence leads to matrices with regular (band) pattern which pays off by a speed up in the solution process of the linear algebraic problems (e.g. by faster matrix-vector multiplications).
Often the solution domain Ω s possesses symmetries or some geometrical invariance such that the 3D problem may be reduced to a 2D problem by appropriate variable separation. For example, this is the case for cavities with circular cylindrical symmetry or for longitudinally invariant waveguides [33, 31] . The 2D domain shall now be covered by a triangular grid. This mesh has the advantage to approximate well also curved boundaries -even for relatively coarse grids (see Fig. 3 ).
The Triangular Grid and its Dual Grid
Without loss of generality it is assumed that the electric voltages are allocated on the triangular grid G and the magnetic voltages on the dual gridG (see [31] for special details on the alternative allocation). The two cases of an orthogonal and a non-orthogonal grid duplet will both be treated: The automatic mesh generator starts with regular triangles and moves the grid points P i aiming for a good approximation of the boundary ∂Ω s resp. boundaries ∂Ω s i for Ω s = ∪ i Ω s i . This process cannot always avoid obtuse triangles. In this case we use the centers of mass as dual mesh points thus avoiding dual mesh points outside the proper triangles (see Fig. 4 ). This dual mesh is denoted asG . Its elementary areasÃ i are hexagons, too.
With (G,G ) the approximation order reduces to first order which is the reason why it is not generally used in URMEL-T. In most cases it suffices to increase the number of mesh points in order to avoid the use of the non-orthogonal mesh and thus the reduction in approximation order. (iii) Combined dual grid: Aiming to keep the reduction of approximation order as localized as possible, URMEL-T in fact does offer a third possibility which is a combination ofG ⊥ andG : Perpendicular bisectors are used to build the dual mesh wherever this is possible and only in the (usually very few) obtuse triangles the centers of mass are used as dual mesh points.
Note that there is a great similarity to simplicial meshes with barycentric subdivisions as used in Finite Elements Methods (see also [26, 27] ). Yet, the difference is that the centers of mass are connected by some straight line inG while this is not necessarily the case in Figure 5 . Location of the field components and the triangles associated with one mesh point.
simplicial meshes with barycentric subdivisions (see e.g. [22] ).
The mesh points are numbered in lexicographic order. There are two kinds of triangles alternating in the rows: One has the vertex on top, while the other one is standing upright. One of each kind is associated with each mesh point k [k = (j − 1) · J + i with j = 1, ..., J, i = 1, ..., I]. The triangle of the first kind is named (1,k) and the second (2,k). A point k = (j − 1) · J + i in row j with even j is denoted as of 'type I', while a point k in row j with odd j is denoted as of 'type II'. The allocation of all the field components, associated with a mesh point, is illustrated in Fig. 5 for the points l of type I and k of type II.
Continuity Conditions for the Non-Orthogonal Case
The permittivity and the permeability shall be real. ForG ⊥ as dual grid, any inserted material may have different µ r and r and either the electric field E or the magnetic field H could be chosen on G. Figure 6 shows that only continuous components (i.e. E and B ⊥ resp. H and D ⊥ ) occur at the triangle's boundaries. So, triangles of G may be filled with any material, varying from triangle to triangle. This is just the general property for dual-orthogonal FIT grids that the continuity of E and B ⊥ on boundaries of different materials is preserved.
In the non-orthogonal case, i.e. if the dual gridG is used in subdomains of Ω s , we have to place the following restriction to assure the continuity of the field components: In case of electric grid voltages on G and magnetic grid fluxes onG only material insertions with constant µ r and arbitrary r are allowed in those subdomains of Ω s where the dual elementary linesL m are nonorthogonal to L i . In case of magnetic grid voltages on G and electric grid fluxes onG the material in the subdomain has to have constant r but µ r may vary from cell to cell. As already pointed out, for most structures it is possible to find a triangular grid G which rendersG ⊥ possible as dual grid.
State Variables and Discrete Operators for the Triangular Grid
We assume that Ω s is either cylindrically symmetric or longitudinally invariant. In this case, a variable separation is possible for either the azimuthal or the longitudinal coordinate. Furthermore, it is assumed that the fields are time-harmonic such that a description by a Fourier series is possible. Finally, the materials are assumed loss free, i.e. , µ are real and the conductivity is equal to zero. So we may write
with
With the given assumptions, the electromagnetic fields can be written as: Fig. 7) .
Instead of presenting the difference equations (which can be found in detail in [25] ) the following discrete representation of the induction law shall be given for the azimuthal order m:
with the state variables e , b , the discrete curl operator C of the triangular grid and the block matrices 2
being the unity matrix. Correspondingly, Ampere's law and the two divergence equations can be discretized (cf. [31] , [25] for details). Note that no sources and no driving currents are assumed.
The state variable d is defined by r E ·d A, the state variables b hold µ r H · d A (and not B · d A) . This convention is in accordance with the field representation (2), (3).
The discrete curl operators C andC and the discrete divergence operators S andS obviously reflect the topology of the triangular (primary) grid and its dual grid and enumeration. The derivation of these operators is not as straightforward as in the case of a Cartesian grid treated in the previous section. The curl operator C of the primary triangular grid as given above and the curl operatorC of the dual hexagonal mesh fulfill the important property of a FIT curl operator:
This generalized symmetry of the operators is basis for the consistency of FIT field solutions. The divergence operator is given here for the dual hexagonal grid:S
with the blocks P i as given above. Thus the Maxwell-Grid-Equations (1) for loss free time harmonic fields without driving current read as = (e a , e b , e c , e ϕ ) T , h = (h a , h b , h c , h ϕ 1 , h ϕ 2 ) T and the flux vectors d = (d a , d b , d c , d ϕ ) T , b = (b a , b b , b c , b ϕ 1 , b ϕ 2 ) T in case that the electric field is allocated on the primary triangular grid. The components e a , e b , etc. themselves are vectors, e.g. e a = (e a,1 , . .., e a,N ) T , with the dimension N of numbers of grid points (compare Fig. 5 ). The factor k = ω/c stands for the wavenumber. Voltage and flux vectors are related via material operators which are build in full analogy to those described in section 1 of this paper.
In case of time harmonic fields the divergence equation is automatically fulfilled as was shown in [33] . Therefore it is possible to resolve the equationSd = 0 for the azimuthal flux density d ϕ and substitute d ϕ resp. e ϕ in the remaining field equations. This formulation reduces the dimension of the system to be solved by the number of grid points N .
Finally, an algebraic eigenvalue problem
remains to be solved. Its eigenvalues are the squared wave numbers of the resonant frequencies, and the eigenvectors x = (e a,1 , ..., e a,N , e b,1 , ..., e b,N , e c,1 , . .
., e c,N )
T give the corresponding electric voltages. Then, the magnetic fluxes are computed via the Maxwell Grid Equations. The eigenvalue problem is solved by some subspace method with polynomial acceleration described in [24] resp. [19] . The grid voltages are each connected to ten neighbouring grid voltages by the difference equations corresponding to the analytical 'curl curl − grad div ' operation. The (3N × 3N ) matrix A of the eigenvalue problem is sparse and the nonzero entries are located on a few off-diagonals, as shown in Fig. 8 .
In case m = 0, i.e. for the so-called monopole modes, pure TEand TM-modes can exist. For the TE0-modes with transverse electric field only the nonvanishing electromagnetic field components E ϕ , H r and H z have to be calculated while only H ϕ , E r and E z have to be computed for the transverse magnetic TM0-modes. In this case less field components are related to each other which is expressed in a smaller matrix (2N × 2N ) with less off-diagonals.
For structures with translational symmetry like longitudinally invariant waveguides, we have the longitudinal dependence
which gives to a first approximation
with the propagation constant β. Again, Maxwell's equations are discretized analogously to the case of modes with azimuthal order m ≥ 1 in cylindrical symmetric cavities. Now, the longitudinal coordinate direction corresponds to the azimuthal coordinate. The resulting linear algebraic eigenvalue problem has the squared propagation constants β 2 for a given frequency ω as eigenvalues.
More details may be found in [31] and [26] .
Error Behaviour
As shown in [31] the discretization error of URMEL-T follows the relation
Regard some kind of model problem allowing to show the effect of a triangular mesh compared to a Cartesian mesh. The advantage of the triangular grid clearly becomes obvious in the reduced geometric error as Table 1 shows for a comparison with a Cartesian mesh: For the same number of unknowns, the relative error in frequency is one order smaller with the triangular grid. Table 1 . Lowest mode in a spherical cavity of 1m radius. The exact frequency is f = 130.911MHz [13] . Note that URMEL-T has twice the number of grid points as unknowns in case of monopole computations. 
Relation to Mixed Finite Elements
The key point in consistent discretization of Maxwell's equations is the need to use a pair of dual meshes. This is the breakthrough which was achieved in mixed FEM or FEM with Whitney forms on a primal and dual mesh (the notation is not unique for different authors), see e.g. [18, 14, 15, 4] . A key element in finding a synthesis between methods like FIT on the one hand and FEM with Whitney forms on the other hand is a diagonal Hodge operator [3] . Some important aspects of the procedure in context of a comparison between FIT and FEM are summarized following [22] , [3] : In analogy to the discrete FIT-operators S, C, ... the connectivity matrices on a simplicial mesh are discrete analogs to the divergence-, curl-and gradient-operator. The mass matrices of edge elements find some kind of analogy in the material operators D ε ,D µ , D κ of FIT. As shown in [22] the mass matrices can also be regarded as discrete analogs to the Hodge operator for differential forms. This terminology comes from differential geometry. The Hodge operator maps p-forms to (n-p)-forms, i.e. for n = 3 and p = 2 it maps 2-forms to 1-forms. Concerning FIT, the state variables like d defined over surfaces may be regarded as 2-forms, while the other state variables like e defined along some path may be regarded as 1-forms and the material operators are some corresponding tensors.
Concerning FEM, the Galerkin method can be interpreted as a realization of the discrete Hodge operator [22] . A close link between FIT and mixed FEM may well be suspected, yet a theoretical interpretation from the point of view of differential geometry is still open for research.
EXAMPLES
In the previous section a first example was shown in Fig. 3 : a loaded cavity. As many examples can be found in previous publications [29, 31, 30, 7, 8] only few simple examples will be shown here.
Tuned Multicell Cavity
The triangular grid is especially well suited for the tuning of multicell cavities. Figures 9 and 10 show the mesh and a plot of the field lines of r · H ϕ at ϕ = 0 for the π-mode in the right half of a superconducting nine cell cavity. This TM0-mode has the frequency 1007 MHz. The radius of the inner cells is 139.595 mm. The last cell was tuned by 1.25 mm to a radius of 138.345 mm.
Dispersion Relation for Loaded Waveguide
A rectangular waveguide filled with some dielectrics [31] is shown in Fig. 11 . Its fundamental mode has the frequency 3 GHz. The dispersion relation between frequency ω and propagation constant β has been computed. For different frequencies the highest β's are displayed in Fig. 12 in a fit through a few dozen distinct values. Note that for each wavenumber k 0 = ω/c one URMEL-T run has to be performed.
Circular Waveguide with Capacitive Load
The electric field lines of the TE 11 -mode (H 11 ) in a circular waveguide with capacitive load are shown in Fig. 13 . Its outer diameter is 10 cm. The cut off frequency is 580 MHz. Only a quarter of the structure is discretized. The TE 11 -mode can then be obtained by setting a magnetic boundary condition at one and an electric boundary condition at the other symmetry plane.
Parameter Study for Loaded Ridged Waveguide
Finally, a dielectric loaded ridged waveguide with post is shown which first has been computed in [7] .
For this dielectric-slab-loaded ridged waveguide, shown in Fig. 14, Figure 14 . Geometry of dielectric-loaded ridged waveguide.
the effect of the slot height on guide parameters as the guide wavelength λ g and the characteristic impedance Z 0 , defined as
where
E y (0, y)dy
have been determined with URMEL-T and compared with mode matching results from [32] . Table 2 shows results for the case r = 2.62 · 0 and frequency f = 5.95 GHz. Evidently, the agreement with the semi-analytical results is very good. 
CONCLUSION AND OUTLOOK
This paper revisited the application of the Finite Integration Technique on triangular grids. The corresponding code URMEL-T is successfully applied since more than 15 years in many different locations, mainly universities and accelerator laboratories. The underlying method has been described and some examples of cavity and waveguide computations were shown in this paper. A short hint on the analogies to FEM with Whitney forms on a primal and dual mesh was given. This point could be the onset of further research on a presumed equivalence of both methods.
